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Abstract— In this paper, we develop a design method of
nonlinear profile of gear ratio to utilize a DC servo motor
effectively for a jumping robot. Because the larger ground force
yields the higher kinetic energy of the robot body, the optimal
gear ratio is obtained by the maximization of the ground force
from statics point of view. Moreover, the varying gear ratio
during the jump motion is obtained through a simulation which
connects statics-based optimization and robot dynamics. A non-
circular gear is synthesized which realizes the obtained optimal
varying gear ratio. The effectiveness of the proposed method is
evaluated by simulations.

I. INTRODUCTION

For mechanical design of a robot system, a reduction
gear is utilized generally to change the actuator property
depending on the requirement of high torque output or high
velocity realization. DC (Direct Current) motor is classified
based on its power P [W] and the motor current and angular
velocity have high correlation. The motor current yields
output torque τ [Nm] and the relationship between τ and
angular velocity ω[rad/sec] is represented by τω = P , which
means that the motor torque τ will be small for the larger
ω. By assuming the gear ratio as G, the output torque is
multiplied by 1/G and the angular velocity is multiplied
by G. So, an appropriate gear ratio has to be selected
considering the robot tasks.

We consider a jumping robot. It requires (i) a high torque
output to kick the ground in the beginning of the motion,
on the other hand, (ii) high velocity realization in the end
of the motion as shown in Fig.1. The lower gear ratio in (i)
and the higher gear ration in (ii) are required. From these
considerations, a varying gear ration will be necessary and
appropriate nonlinear property of varying ration have to be
optimally designed to jump higher with an effective use of
a DC motor.

Many researches on jumping robots have been reported
so far. Niiyama [1] realized a jump motion of a humanoid
robot with musculoskeletal mechanism. Ishikawa [2] pro-
posed a motion stabilization method of hopping robots based
on hybrid-system control theory. Ugurlu [3] proposed a
ZMP-based jumping controller design method. These are
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Fig. 1. Jumping robot property

researches on control. Shimoda [4] and Sakaguchi [5] devel-
oped a jumping principal and mechanism using inertia force
of a mass inside the body. Kovac [6], Curran [7] and Tsuda
[8] proposed jumping mechanism using potential energy of a
spring. These researches are on development of a mechanism
and its control.

It is true that the usage of a spring yields large height of
jumping, however, it may consume large energy of actuator
because not all the accumulated energy of the spring will
be available. In this paper, aiming at an optimal use of
an actuator efficiency, we design a nonlinear profile of the
varying gear ratio for a jumping motion and synthesize a
non-circular gear that realizes the designed gear ratio. The
purposes of this paper are as follows;

1) Based on statics of the mechanism, an optimal gear
ration that maximizes a ground force of a jumping
robot is introduced.

2) To connect the statics-based optimal gear ratio to
robot dynamics, a simulation-based design method of
a varying gear ratio is proposed.

3) A non-circular gear that realizes the varying gear ratio
is synthesized.

4) The effectiveness of the proposed design method is
evaluated by simulations.

CVT (Continuously Variable Transmission) is used for a
automobile transmission that realizes a varying gear ratio,
however, it is for a multiple rotational actuator with high
angular velocity. Hagiwara [9] and Takaki [10] proposed
special mechanisms that realize load sensitive varying gear
ratio. The proposed method in this paper focuses on a fixed
but position depending gear ratio for a robot motion.
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II. OPTIMIZATION OF GEAR RATIO

In this section, the optimal value of the gear ratio is
obtained based on statics. Consider a jumping robot as shown
in Fig.2. This robot has one degree of freedom with one DC

robot body
DC motor

Fig. 2. Jumping robot

motor in the body, and the motor torque τm is transferred
to the ground force F through a reduction gear and leg
mechanism. The configuration of the leg mechanism is out
of consideration in this section but its kinematics is assumed
to be represented by;

y = f(φm) (1)

where φm and y represent the rotational angle of the motor
and the body height respectively.

Because the kinetic momentum L of the robot body is
calculated by

L =
∫ toff

0

Fdt (2)

at the takeoff time toff , the larger F maximizes the takeoff
velocity of the body with the larger toff . In the following, the
gear ratio G (i.e. reduction ratio is G−1) which maximizes
the ground force F is obtained.

The power voltage is assumed to be E = constant.
The motor current i satisfies the following equation from
Kirchhoff’s laws.

E = iR + Lm
di

dt
+ Kaφ̇m (3)

where R represents a terminal resistance of the motor, Lm

means a motor inductance, Ka means a torque constant (=
back electromotive constant). By assuming Lm is negligible
small, i is represented by;

i =
1
R

(
E − Kaφ̇m

)
(4)

The output torque of the motor is obtained by;

τm = Kai =
Ka

R

(
E − Kaφ̇m

)
(5)

On the other hand, kinematics of the mechanism represented
in equation (1) yields

ẏ =
∂f

∂φm
φ̇m = J(φm)φ̇m (6)

where J represents Jacobian matrix. Equation (6) shows the
ratio of change between y and φm, which is represented by;

ẏ

φ̇m

= J(φm) (7)

which means that the gear ratio G from the rotational angle
of motor φm to the body height y is represented by;

G = J(φm) (8)

Moreover the relationship between τm and F is represented
by

F = J−1τm = G−1τm (9)

from virtual work principle.
By substituting equations (5) and (6) into (9), the ground

force is represented by

F = G−1 Ka

R

(
E − KaG

−1ẏ
)

(10)

Asumming ẏ > 0, equation (10) is a quadratic function of
convex upward with respect to G−1, and there exists an
optimal G−1 that maximize F as;

G−1 =
E

2Kaẏ
(11)

In a jumping motion, ẏ ≥ 0 is always satisfied without
loss of generality. In this paper, the varing gear ratio is
realized by a non-circular gear, which means G has to be
a function of φm, however, equation (11) represents that
the optimal G is a function of ẏ. Thus the relationship
between φm and ẏ has to be obtained as ẏ = ẏ(φm). In
the next section, a simulation-based method to connect ẏ
and φm is proposed. Though the proposed simulation-based
method connects statics (optimal gear ratio) and dynamics
(rerationship between ẏ and φm), it contains time integral
of the dynamics of the specified mechanism with a specified
initial value, which means the obtained varying gear ratio is
optimal only for one mechanism and one initial value of the
jumping motion.

III. JUMPING ROBOT AND ITS DYNAMICS

A. Robot mechanism

To obtain the solution of ẏ = ẏ(φm), a simulation-based
method is utilized. In this section, one jumping robot is
specified and its dynamical model is introduced. Consider
a jumping robot mechanism as shown in Fig.3. The motor
torque τm is transferred to the rotational torque τ1 of the
leg through three gears. The gear ratio of each gears are
defined as G1, G2 and G3 respectively. G1 and G3 are
constant values. G2 has varying property because Gear2 is a
non-circular gear. G2 is a design parameter. Gear1 amplifies
the motor torque with a large value of reduction ratio G−1

1 .
Gear3 is for adjustment of the rotation of Gear2 (0 ∼ 1.5π
rad will be appropriate for the rotation of Gear2 through the
motion).

Two links of the leg have same length 2� and they moves
with the constrain;

θ1 + θ2 = π (12)
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Fig. 3. Jumping robot model

where θ1 and θ2 are absolute rotational angles of each link.
Fig.4 shows one example of the leg mechanism [11] that
satisfies the constrain in equation (12). This mechanism

(a) (b)

Fig. 4. Leg mechanism with closed kinematic chain

has two parallelograms, and 3D closed kinematic chain
constrains the body motion vertically with one degree of
freedom.

B. Robot dynamics and optimization of gear ratio

By considering joint force and torque, Euler’s motion
equation is obtained. Here we remark that;

Gear2

φ φ

(     )

robot body

Fig. 5. Non-circular gear in Gear2

1) As shown in Fig.5, gear ratio G2 is defined by the
rotational angle of the input gear φin as;

G2 = G2(φin) (13)

The relationship between the angular acceleration of
the rotations of the output gear φout and input gear
φin are represented by

φ̈out = G2φ̈in +
dG2

dφin
φ̇2

in (14)

because φout is represented by

φout =
∫

G2(φin) dφin (15)

2) In this mechanism, equation (11) is changed as

{J�(θ1)G3G2G1}−1 =
E

2Kaẏ
(16)

J�(θ1) =
∂y

∂θ1
= 4� cos θ1 (17)

and the optimal value of reduction ratio G−1
2 that

maximizes the ground force F is obtained by;

G−1
2 (φin) =

EJ�(θ1)G1G3

2Kaẏ
(18)

where J� is Jacobian matrix of the leg mechanism
represented by;

ẏ = J�θ̇1 (19)

By executing a simulation with an initial value of θ1, we
obtain ẏ[k] and θ1[k] in each sampling step k and G2[k]
is obtained from equation (18). The simulation also gives
φin[k] and φout[k] from equation (15) and rotational ratio
of φin[k] and φout[k] is obtained as shown in Fig.6, which
gives the pitch curve of non-circular giear.

time

time

Fig. 6. Rotational ratio between φin and φout from simulation data

IV. DESIGN OF GEAR RATIO WITH JUMPING SIMULATION

A. Design of varying gear ratio and non-circular gear

The power voltage E is set as 24V and the initial value of
θ1 is set as 179◦ (θ2 = 1◦). Supposing 60W DC servo motor
(MAXON Corp.), R = 1.53Ω, Ka = 39.8× 10−3Nm/A are
selected. G1 = 1/100 (for example, HarmonicDrive gear
will be utilized), G3 = 1/5, � = 0.2m (leg length = 0.4m)
and robot weight M = 2.5kg are set. Though the optimal
reduction ratio G−1

2 was discussed in equation (18), the small
value of ẏ yields extremely large value of G−1

2 , which cannot
be realized by a non-circular gear. Thus in this paper, G−1

2

is bounded by G−1
2 ≤ 3. The viscous friction of Gear1 is

considered and the upper limit of the motor current is set as
i ≤ imax = 10A.
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For the simulation, dG2/dφin in equation (14) is neces-
sary, but it is not obtained a prior because G2 is obtained in
each sampling step. By using the difference ΔG2 and Δφin

defined by;

ΔG2 = G2[k] − G2[k − 1] (20)
Δφin = φin[k] − φin[k − 1] (21)

from the obtained G2 and φin in each sampling step,
dG2/dφin is approximated by;

dG2

dφin
=

ΔG2

Δφin
(22)
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Fig. 7. Time variations of G−1
2 , ẏ, F and i in the jumping simulation

Under these conditions, the jumping simulation is exe-
cuted. The takeoff time toff is calculated by the condition
of F ≤ 0 and the body velocity ẏoff is obtained as;

ẏoff = 3.21 m/sec (23)

Fig.7 shows the time variations of (a) reduction ratio G−1
2 ,
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Fig. 8. Shape of the pitch curve of the non-circular gear

(b) body velocity ẏ, (c) ground force F and (d) motor current

i in the simulation. In the beginning of the motion, G−1
2 is

equal to 3 which is the upper limit of G−1
2 because of the

small value of ẏ. After that, G−1
2 is optimized with increasing

ẏ. The motor current is restricted by i ≤ imax in the
beginning of the motion. After G2 is optimized, i converges
a constant value (� 8A). The ground force takes a large
value in the beginning of the motion, and gradually changes
to small value until it reaches zero at t = toff = 0.283 sec.
The rotational angle of the leg θ1 = 114◦ at t = toff .

Based on the simulation result, a non-circular gear that
realizes the optimal gear ratio is synthesized. By setting the
distance between the input and output gear axes as r, the
radius of the input gear rin is calculated as;

rin(φin) =
r

1 + G−1
2 (φin)

(24)

where φin is the rotational angle of the input gear. Fig.8
shows the shape of the pitch curve of the non-circular gear.
r is set as r = 0.04m.
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Fig. 9. The relationship between constant G−1
2 and ẏoff
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Fig. 11. Motion of the robot and gear

B. Comparison with constant gear ratio

To evaluate the effectiveness of the varying gear ratio, the
maximum ẏoff is calculated by using a constant gear ratio
using a circular gear. G−1

2 is set to a constant value and
jumping simulation is executed. Fig.9 shows the relationship
between G−1

2 and ẏoff . G−1
2 is set from 0.2 to 1.8, and ẏoff

is obtained for each G−1
2 . In area (a : 0.2 ≤ G−1

2 ≤ 0.39),
the robot cannot stand up from the initial value because of
the low torque with the low reduction ratio. In area (b :
1.53 ≤ G−1

2 ≤ 1.8), the robot cannot take off the ground
because of the low velocity with the high reduction ratio. The
red dashed line represents ẏoff with the optimal gear ratio
in the previous section. ẏoff is maximized by G−1

2 = 0.73
and maximum value is ẏoff = 2.88 m/sec. The rotation
angle of the leg is θ1 = 119◦ at toff = 0.395sec. Same

as Fig.7, the time variation of (a) G−1
2 , (b) ẏ, (c) F and

(d) i using G−1
2 = 0.73 are shown in Fig.10. The dashed

lines show the results in Fig.7 for comparison. Figure-(a)
means that G−1

2 is constant (= 0.73). From figure-(b), we
can see that the change of ẏ, i.e. the acceleration of the
body is small by using a constant G−1

2 in the beginning
of the motion, which means G−1

2 = 0.73 is too small for
standing up motion. Figure-(d) shows the shortage of the
motor current because i is almost bounded by imax through
the motion. Fig.11 shows the motion of the robot and rotation
of the gear using varying gear ratio (figure-(a)) and constant
reduction ratio G−1

2 = 0.73 (figure-(b)). In the beginning
of the motion, the robot moves slowly in figure-(b) because
of the low reduction ratio (= 0.73), on the other hand, the
robot moves fast in figure-(a) with high reduction ratio (= 3).
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However, the low reduction ratio is required in the end of
the motion for high speed jump, which means G−1

2 = 0.304
(final value of varying G−1

2 ) is appropriate in figure-(a) but
G−1

2 = 0.73 is too large in figure-(b). This result shows the
effectiveness of the varying gear ratio. The attached video
shows the motion of the robot in Fig.11-(a) and (b). The
upper movie shows the motion of the robot with the non-
circular gear (Fig.11-(a)) and the lower movie shows that
with the constant gear (Fig.11-(b)).

C. Discussions

From the simulation results, we can discuss as follows;
1) By using the optimized varying gear ratio, the robot

obtains large takeoff body velocity which cannot be
obtained by a constant gear ratio. The jumping height
is calculated as 0.53m in regard to the maximum height
0.42m with a constant gear ratio, which is about 24%
increase.

2) From equation (11),

Gẏ =
E

2Ka
(= const.) (25)

is obtained. Moreover, by substituting equations (6)
and (8) into equation (4), the motor current i is
calculated as;

i =
E

2R
(= const.) (26)

This value is smaller than imax in this simulation (see
Fig.7-(d)). However, by using a constant gear ratio,
more motor current than imax is required (see Fig.10-
(d)). From these results, we can see that the optimized
varying gear ratio realizes the effective use of motor
performance.

3) Equation (25) causes φ̇m =constant which corresponds
to φ̇in = constant. This result means that the motor and
input gear rotate by constant angular velocity and the
ground force is maximized by the change of G2. From
these considerations, we can see that the effectiveness
of the actuator efficiency is caused by the mechanical
design (design of the non-circular gear).

4) Fig.10-(d) shows that the constant gear ratio consumes
more energy than the non-circular gear because the
power voltage E is constant. It is because more energy
is consumed not only for motor heating but also the
motion energy of the rotation of the actuator (motor
inertia). In section IV-B, we discussed that the constant
G−1

2 = 0.73 is too small for the beginning of the
motion, however, G−1

2 = 0.73 is too large in the
end of the motion. From these considerations, we can
conclude that the varying reduction ratio from high to
low through the motion realizes the effective use of
the motor performance.

V. CONCLUSIONS

In this paper, we focus on a jumping robot and the optimal
design method of a nonlinear profile of varying gear ratio is

proposed. Moreover the obtained gear ratio is realized by a
non-circular gear. The results are as follows;

1) The varying gear ratio is optimized by maximizing the
ground force. It is based on statics of the mechanism.

2) Through a simulation, the connecting method between
statics-based optimization and the robot dynamics is
proposed.

3) Based on the simulation results, the non-circular gear
is synthesized.

4) The effectiveness of the proposed method is shown by
the jumping simulations from the jumping height and
motor current point of views.
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