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Abstract— Robot control systems consist of a feedback con-
troller and reference motion pattern. They are designed based
on the robot dynamics and coupled with each other, and it
requires lots of calculation to obtain them. So far, we have
proposed controller design method based on orbit attractor of
nonlinear dynamics. Because the controller yields one motion
for one robot, we can assume that the controller includes
information of motion and body elements. If those elements
can be decomposed from the controller, a new controller can
be easily designed by the combination of these elements. So in
this paper, we propose the motion and body elements design
method with Lagrange’s method of undetermined multipliers
based on robot dynamics, and combination design method of a
new controller using these elements. The effectiveness of the
proposed method is evaluated by experiments with tapping
dance robots.

I. INTRODUCTION

Robot control systems consist of a stabilizing controller
K and reference motion pattern xref as shown in figure
1. Because K and xref are designed based on the specified
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Fig. 1. Robot control system

robot dynamics, motion and environments, the robot requires
the same number of control systems as motions and situations
in which it moves. Moreover, it needs a large amount of
calculation to design a controller and motion pattern for the
robots in the real world, and another motion or controller
requires more calculation to be re-designed. For example,
in the case of biped robot, xref have to be designed under
the physical law of walking dynamics (e.g. ZMP constraint)
which depends on the changing environments. To reduce the
calculation costs, a new controller design method using the
existing controller will be effective.

On the other hand, Okada[1][2] proposed a controller
design method to make the state variable of the robot entrain
to a specified orbit in the state space. This method uses

the functional approximation of the defined vector field in
the state space, and designs both a stabilizing controller
and a motion reference pattern simultaneously with low
calculation cost. The same concept of the robot controller
design is applied to cooperative task with human[3] and
surgery robot[4] because of high robustness and flexibility for
environments. Because the controller depends on the robot
body dynamics and the specified motion, it contains both
robot body and motion elements. By extracting the body and
motion elements from the existing controllers and connecting
these elements, a new controller will be obtained.

In this paper, we propose a controller decomposition and
combination design method based on the existing controllers
for a new controller design considering the physical relation-
ship between robot dynamics, orbit and controller input. The
motion element is a common element of the same motions
for different robots, the body element is a common element
of the same robot for various motions. By combining each
element, a new controller for new robots or motions is
designed. This concept is similar way to obtain a symbol
of body and motion[5][6]. The effectiveness of the proposed
method is evaluated by experiments using a tapping dance
robot.

II. CONTROLLER DESIGN BASED ON ATTRACTOR OF

NONLINEAR DYNAMICS

A. Attractor design

In reference [2], the robot motion emergence method based
on orbit attractor is proposed. In this section, the controller
design method is summarized.

Consider the robot body dynamics represented by the
following difference equation in discrete time domain;

x[k + 1] = f(x[k]) + g(x[k], u[k]) (1)

where x[k] is the state variable, u[k] is the input of dynam-
ics with time stamp k. The controller is designed by the
nonlinear function of x as follow;

u[k] = h(x[k]) (2)

so that x[k] is entrained to a specified closed curved line Ξ;

Ξ =
[

ξ1 ξ2 · · · ξN

]
(3)
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in the state space. With the mathematical representation, the
solution of the simultaneous equations (1) and (2) converges
to Ξ at k → ∞, which means the controller makes the
attractor Ξ of the robot body dynamics.

The controller is designed by polynomial of �-th order
power of x as follow;

u[k] = Θφ(x[k]) (4)

where Θ is a coefficient matrix of polynomial and φ(x)
expands the state vector x to the power vector of x. For
example, x ∈ R2 and � = 2 cause φ as;

φ(x) =
[

1 x1 x2 x2
1 x1x2 x2

2

]T (5)

x =
[

x1 x2

]T (6)

In this method, the motion is emerged by the interaction
between robot body dynamics in equation (1) including
environment and controller in equation (2). The explicit
motion pattern xref is not required, but Θ contains implicit
information of motion pattern and robot body because the
controller causes a stable robot motion entraining the state
variable.

B. Controller design method

Controller Θ is designed by functional approximation
using many sets of realizable (x, u). Equation (1) is approx-
imated to linear form by Taylor expansion around x = x[k],
u = u[k] as follows;

x[k + 1] = A(x[k])x[k] + B(x[k])u[k] + C(x[k]) (7)

A(x[k]) =
∂f(x[k])

∂x
+

∂g(x[k], u[k])
∂x

(8)

B(x[k]) =
∂g(x[k], u[k])

∂u
(9)

C(x[k]) = −
(

∂f(x[k])
∂x

+
∂g(x[k], u[k])

∂x

)
x[k]

−∂g(x[k], u[k])
∂u

u[k] (10)

By using input sequence {u[a], u[a + 1], · · ·u[a + b − 1]},
the sequence of state vector {x[a], x[a + 1], · · ·x[a + b]} is
represented by

Xa+b
a+1 = Ax[a] + BUa+b−1

a + C (11)

Xa+b
a+1 =

[
x[a + 1]T · · · x[a + b]T

]T

(12)

Ua+b−1
a =

[
u[a]T · · · u[a + b − 1]T

]T

(13)

A =

⎡
⎣ A(x[a])T · · ·

(
a+b−1∏
m=a

A(x[m])

)T
⎤
⎦

T

B =

⎡
⎢⎢⎢⎢⎢⎣

B(x[a]) · · · 0
...

. . .⎛
⎝ a+b−1∏

m=a+1

A(x[m])

⎞
⎠B(x[a]) · · · B(x[a + b − 1])

⎤
⎥⎥⎥⎥⎥⎦

C =

⎡
⎢⎢⎢⎢⎢⎣

C(x[a])
...

C(x[a + b − 1]) +

a+b−2∑
n=a

⎛
⎝
⎛
⎝ a+b−1∏

m=k+1

A(x[m])

⎞
⎠C(x[n])

⎞
⎠

⎤
⎥⎥⎥⎥⎥⎦

For easy expression, subscripts and super-scripts which
mean initial and final time number respectively are omitted
in the following equations. From equation (11), the input
sequence U that carries x[a] along with ξk is obtained by

U = B# (Ξ − Ax[a] − C) (14)

Ξ =
[

ξa+1 ξa+2 · · · ξa+b

]T
(15)

B# =
(
BT B

)−1

BT (16)

And the locus of state vector yielded by the corresponding
input sequence is calculated based on equation (11), which
give us the realizable sets of (x, u). By setting many initial

State space
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x[a2+1], u[a2+1]
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x[a2+b], u[a2+b]

Ξ

Fig. 2. Calculation to obtain the sets of realizable (x, u)

value x[a] around Ξ as shown in figure 2, Θ is designed
by functional approximation to minimize the following cost
function JΘj

i
;

Θj
i = arg min

Θj
i

JΘj
i

(17)

JΘj
i

=
∑

k

∥∥∥uj
i [k] − Θj

iφ(xj
i [k])

∥∥∥
2

(18)

where subscript i means the motion index (i = 1, 2, · · ·) and
super-script j means the robot body index (j = A, B, · · ·).

III. DESIGN OF MOTION AND BODY ELEMENTS

A. Decomposition of controller

In this section, controller decomposition is illustrated.
Consider equations (4) and (7). In the state space, these
equations mean that the vector from x[k] to x[k + 1] as;

δk = x[k + 1] − x[k] (19)

is separated into the input component δk/B and its per-
pendicular component δk/B⊥ as shown in figure 3, where
[ · ]/B means the projection of vector onto span(B). These
components are defined by
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Fig. 3. Decomposition of x[k + 1] − x[k]

δk/B = {(A(x[k]) − I)x[k] + C(x[k])} /B

+B(x[k])u[k] (20)

δk/B⊥ = {(A(x[k]) − I)x[k] + C(x[k])} /B⊥ (21)

and they are calculated by

δk/B = B(x[k])B(x[k])#(x[k + 1] − x[k]) (22)

= B(x[k])B(x[k])# {(A(x[k]) − I)x[k]

+C(x[k])} + B(x[k])u[k] (23)

δk/B⊥ = (I − B(x[k])B(x[k])#) {(A(x[k]) − I)x[k]

+ C(x[k])} (24)

Because δk/B⊥ is uniquely defined by the robot body
dynamics, it represents the robot body component, and the
rest component δk/B represents the motion elements.

On the other hand, let me consider the decomposition of
the input as;

B(x[k])u[k] = x[k + 1] − A(x[k])x[k] − C(x[k]) (25)

= B(x[k])(ub[k] + um[k]) (26)

ub[k] = B(x[k])# {−(A(x[k]) − I)x[k] − C(x[k])} (27)

um[k] = B(x[k])#(x[k + 1] − x[k]) (28)

and ub and um satisfy;

B(x[k])ub[k] = (A(x[k]) − I)x[k] + C(x[k]) − δk/B⊥(29)

B(x[k])um[k] = δk/B (30)

Because Bub does not contain the information of x[k + 1],
it consists of the body element, and Bum consists of the
motion element. From these considerations, we can conclude
that ub

ub[k] = B(x[k])#(A(x[k]) − I)x[k] + C(x[k]) (31)

represents the body element and um

um[k] = B(x[k])#(x[k + 1] − x[k]) (32)

represents the motion elements of the input. Here we assume
that ub and um are represented by the function of x[k] as;

ub[k] = Γφ(x[k]) (33)

um[k] = Λφ(x[k]) (34)

using the polynomial of �-th order power of x[k], and the
controller is represented by

Θφ(x[k]) = (Γ + Λ)φ(x[k]) (35)

where Γ is the body element and Λ is the motion element
of the controller consisting of the coefficient matrix of
polynomial of power of x, and the controller is decomposed
as;

Θ = Γ + Λ (36)

B. Controller decomposition for multi motions

Let us consider Θ1, Θ2 which generate motion 1 and 2
respectively for one robot. They are decomposed to Λ1, Λ2

and same Γ like equation (36). Because these controllers are
for one robot, Γ is common, and the following constraint is
satisfied.

Θ1 − Λ1 = Θ2 − Λ2(= Γ) (37)

Figure 4 shows the difference of input to generate motion 1
and 2. For the same state value x1[k] = x2[k], x[k] advances

span p B

δk B

x1[k] = x2[k]x1[k] = x2[k]

x2[k+1]x2[k+1]

BΛ2 (x)φBΛ2 (x)φ

x1[k+1]+1]

(A-I)x[k]+]+C(A-I)x[k]+C

BΓ  (x)φBΓ  (x)φ
x1[k+1]

BΛ2 (x)φBΛ1 (x)φ

δk1 δk2

Fig. 4. Difference of motion depending on the controller input

(A − I)x[k] + C according to the robot dynamics without
input. The projection of (A − I)x[k] + C onto span(B) is
represented by

{(A − I)x[k] + C}/B = −BΓφ(x[k]) (38)

which is common for both motions. The difference of motion
is caused by the difference between δk1/B and δk2/B

δk1/B = B(x[k])Λ1φ(x[k]) (39)

δk2/B = B(x[k])Λ2φ(x[k]) (40)

which is the difference of the motion elements of the
controllers.

C. Design method of motion and body element

Because Λ is represented by equations (32) and (34), Λ is
obtained by minimizing the following cost function JΛi ;

Λi = argmin
Λi

JΛi (41)

JΛi =
∑

k

∥∥∥{B(xi[k])}#
xi[k + 1] − Λiφ(xi[k])

∥∥∥ (42)
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using the obtained sets of x[k] in section II-B. However, Θi

and Λi satisfy the constraint

Θi − Λi = Common value (= Γ) (43)

the optimized solution using Lagrange’s method of undeter-
mined multipliers with constrain condition is required. The
cost function to design Θi and Λi is written by J as

J = JΘj
i
+ JΛi +

∑
j,i�=k,�

(Θj
i − Λi − Θj

k + Λk)λT
� (44)

JΛi =
∑

j

∑
k

∥∥∥∥{
B(xj

i [k])
}#

xj
i [k + 1] − Λiφ(xj

i [k])
∥∥∥∥ (45)

where λ� are Lagrange’s undetermined multipliers.

D. Controller design with the combination of motion and
body elements

Once Θi and Λi are designed, new controllers are obtained
by the combination of Γj and Λi. Figure 5 shows an example

Robot

Θ1 : Γ α Λ 1

Θ2 : Γ α Λ 2

Θ3 : Γ α Λ 3

Robot

Θ1 : Γ β Λ 1

Θ2 : Γ β Λ 2

Motion 1

Motion 2

Motion 3 Θ3 Γ β Λ 3:

α β
α

α

α

β

β

β

Fig. 5. New controller design using Γ and Λ

of the new controller design. Using Λ3 and Γβ , a new
controller is obtained by

uβ
3 = (Γβ + Λ3)φ(x) (46)

= (Θβ
1 − Λ1 + Λ3)φ(x) (47)

for motion 3 of robot β that corresponds to Θβ
3 .

IV. COMBINATION DESIGN OF CONTROLLER FOR

TAPPING DANCE ROBOT

A. Experimental setup

In this section experiments are performed to evaluate the
proposed decomposition and combination design method of
controllers using tapping dance robots shown in figure 6.
There are two robots, one is robot α (the larger) and the other
is robot β (the smaller). The robot configuration is in figure
7. In the configuration, the robots are controlled with torque
control for dynamic motion. The robots make the tapping
dance as shown in figure 8. By changing the grounding foot,
the robot steps continuously. The state variable x consists of
lower body rotational angle θ, lower body rotational velocity
θ̇, head rotational angle φ and head rotational velocity φ̇ as
follow.

x =
[

θ θ̇ φ φ̇
]T

(48)

Robot   Robot   
(Large)(Large) Robot   Robot   

(Small)(Small)

Robot   
(Large) Robot   

(Small)

αα
ββ

Fig. 6. Tapping dance robots

AD/DA,Encorder
Count Board

PC(Calculation)
Motor

Accelerometer

Gyro
Sensor

Motor Driver

Encorder

Cu
rrent input Torque com

mand

φ, φ

θ, θ

Fig. 7. Apparatus of the tapping dance robots

φ

θ

τ

θ

τ

φ

Fig. 8. Motion and modeling of tapping dance robots

They are contiguous values in spite of the change of ground-
ing foot. And we assume that the foot impacts to ground
as completely inelastic collision. Detail on the equations of
motion of the tapping dance robots are written in [2]. The
difference of the motion is evaluated by the difference of the
frequency of tapping dance.

B. Design of Θ and Λ

We design controllers Θα
i (i = 1 ∼ 3) and Θβ

1 , Θβ
2 for

motion 1 ∼ 3 of robot α and β. Table.I shows the motion
number and its target frequency. Note that the frequency of
the motions are calculated by the average of motion cycles,
because the tapping dance motion dose not have constant
frequency because of the effect of external force such as an
impact force of changing legs.

In the first experiments, the proposed method is evaluated.
The controllers Θα

1 , Θα
2 , Θβ

1 , Θβ
2 and motion elements Λ1,

Λ2 are designed. Figure 9 show the result of motion 2
for robot β using combination of Θβ

1 and motion elements
Λ1, Λ2. The input is calculated by

ûβ
2 [k] = (Θβ

1 − Λ1 + Λ2)φ(x[k]) (49)
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Fig. 9. Experiment with Θβ
1 − Λ1 + Λ2.
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Fig. 10. Experiment with Θβ
2 .
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Fig. 11. New motion emergence with Θβ
1 − Λ1 + Λ3.

TABLE I

ROBOT MOTION AND ITS FREQUENCY

Robot Motion number Target frequency Actual frequency

α
1 2Hz 1.9Hz
2 1.5Hz 1.5Hz
3 1Hz 0.95Hz

β
1 2Hz 1.9Hz
2 1.5Hz 1.5Hz

The state space is four dimensional space, however, only θ,
θ̇ and φ space is shown. The solid line shows the orbit in
the state space and some robot pictures of each point are
illustrated around the orbit. It can see that the motion is
entrained to a specified orbit.

For comparison, the tapping dance of robot β and motion
2 using the controller Θβ

2

uβ
2 [k] = Θβ

2φ(x[k]) (50)

is shown in figure 10. Because the results of figure 9 and 10
are same, it indicates the decomposition and combination
design of the controller is effective. Frequency of these
motions is 1.88Hz.

C. New controller design with combination of elements

The new controller for robot β and motion 3 is designed
based on the elements Γβ and Λ3 as

ûβ
3 = (Θβ

1 − Λ1 + Λ3)φ(x) (51)

By using ûβ
3 , the tapping dance is realized. The result is

shown in figure 11. Robot β is entrained to the tapping dance
with its frequency about 1.15Hz.

And we verified the proposed method about not only
simple motion 1 ∼ 3, but also complex motion 4. Figure
12 represents the grounding time of the each foot while
the tapping dance robot α is moving. Motion 1 ∼ 3 have
constant rhythms, on the other hand motion 4 has a changing
rhythm of the tapping dance. Figure 13 represents a x orbit
of the motion 4 with robot α. Here we remark that the x

orbit in the figure 13 dose not cross in the 4 dimensional
state space. Using the proposed method, motion element Λ4

is designed using Θα
4 just as Λ3 already is done. Based on

the existing controller Θβ
1 and motion elements Λ1, Λ4, a

new controller for the robot β is designed as

ûβ
4 = (Θβ

2 − Λ2 + Λ4)φ(x) (52)
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Fig. 12. Step comparison between motion1 and motion4 of tapping dance
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Fig. 13. Tapping dance emergence using Θα
4 for Robotα.

Experimental result using equation (52) of robot β is shown
in figure 14. In the result, the proposed method is effective
about the motion 4 with comlex orbit by controller design
with combination of motion and body elements. This result
shows that combination of motion and robot body elements
is effective for new controller design.

V. CONCLUSIONS

In this paper, we proposed the decomposition and com-
bination design method of the controller based on orbit
attractor. The results of this paper are as follows;

1) The decomposition method of controller into motion
and body elements is proposed. In this method, the
appropriate decomposition is discussed based on the
robot body dynamics in the state space.

2) The constraint of the decomposition is discussed
and calculation method is proposed using Lagrange’s
method of undetermined multipliers.

3) Based on the decomposed elements, a new controller
design method is proposed which is a simple way with
the sum of motion and body elements.

4) The proposed methods are evaluated by the experi-
ments of the complex motion with the robots.
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